PHY V2500: QUANTUM MECHANICS I

Midterm Examination

October 21, 2025, 10:00 AM to 11:40 AM

Problem 1 (10 points)

Consider a very simple 2-state system defined by the Hamiltonian
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H:

a) Find the eigenvalues and eigenvectors of this Hamiltonian.

b) At time ¢ = 0, the system is in the state

a) Find the state 1 (t) at time ¢.

b) Find the inner product (¢/(0)|¢(¢)). (The absolute square of this will give the proba-
bility to find the system in the same state as we started with after time ¢. This problem
is relevant for a number of physical situations, the associated production of K-mesons

and neutrino oscillations being two examples from particle physics.)

Solution

a) The eigenvalue equation is given by
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This simplifies as
A—FE))?—v*=0 = A=Fy+v

The eigenvalue equation for the first eigenvalue A\ = Ey + v is
a

= (Eo +v) — wa=vborb=a
b

For the second eigenvalue Ay = Ey—wv, we find b = —a. Thus the normalized eigenvectors

are
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b) The given initial state can be written as

B 1 _ 1
Y(0) = 0 —*2(1/)1+¢2)

The state at time ¢ is thus given by
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o) = \}i <€—i(E0+v)t/hw1+e—i(Eg—v)t/h¢2)

_ —iBw/n cos(vt/h)
—isin(vt/h)

c¢) The inner product ()(0)|¢(t)) is given by

cos(vt/h)

)W) = (1, 0) e~ iEot/h
WO(0) = (1, 0) (ism@t/m

) = et/ cos(vt/h)
The probability to find the state of eigenvalue E, + v at time ¢ is thus | (0(0)[w(¢)) |* =
cos?(vt/h).

Problem 2 (10 points)
For the harmonic oscillator consider the wave function 22 1y (z) where v (z) is the ground

state wave function

mw\i _le mw
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We can write the given wave function as (z| 22 |0).

a) Write z in terms of ¢ and o' and show that z2 y)y(z) can be written as a linear com-
bination of two eigenstates of the oscillator. Identify these states and the precise linear
combination.

b) Using these results obtain the wave function ¢ (z, ¢) at time ¢ if the the wave function
attimet = 0is ¢ (z,0) = 22 ().

Solution

a) From the given formulae, adding a and o', we find

h
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z Y (a+a')
Thus
h
2? = ——(a® + (a")? + aa' + a'a)



This gives

P(x) = o = (x| 2?|0) = % (x| a* + (a")? + aa’ + a'a |0)
h

= (@l (a")? +aal o)

= oo ((al0) + V2 (a]2)

where we used a |0) = 0, aa’ |0) = a|1) = |0) and a'a' |0) = a' [1) = v/2|2), which follow

from the given action of « and a'.

I did not ask to normalize this wave function, but if you do, the normalized 1) is

1
Y= %(@3!0) + V2 (x]2))

This follows from the fact that (z|0) and (z|2) are orthonormal.

The state |0) has energy ;7w while |2) has energy (2 + )/w. The state at time ¢ is thus

given by
¢($ t) _ h e—iwt/Q <l’|0> +e—i(2+%)wt <$|2>
’ 2mw
h —iwt/2 —i2wt
= — 2
DT ((x!O) +e (x| >)

If you used the normalized wave function this will be
—iwt/2
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(1) = ({2[0) + €7 (2]2))

Problem 3 (10 points)

Consider the potential step in one dimension given by

0 —oo <z <0 Region I
Viz) =4V 0<z<a Region IT
0 a <z <00 Region 111

where 1} is a positive constant. The potential is shown in the figure. This is the prob-
lem solved in class for the case of the energy £ < V. Here we will consider £ > Vj.
Write down the Schrédinger equation and its solution in each of the three regions and
the matching conditions needed to connect them. These should be expressed as matrix
equations relating amplitudes in different regions.

(These can be solved for the reflected and transmitted amplitudes in terms of the incom-

ing amplitude, but you do not have to do that.)



Solution

The Schrodinger equation for wave functions of energy F is

d? 2m
@ [h?(E_V)} v
Since F > vy, E — V is positive in all three regions, so we define
2mE
ko= % (Regions I, I1T)
2m(E — V; .
K = (h20) (Region II)

The solution in each of the regions can be written as
wl — Aeikz + Befika:
_ ik'x —ik’'z
Yyn = Ce +De
wIH — Eeik’x + Fefik:r

The matching conditions are the continuity of the wave function and its first derivative

across the interfaces. Thus at the interface x = 0 we find
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Yi(0) = A+B=C+D
Y1(0) = ik(A— B) = ik'(C — D)

=
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—
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wl(a) — wH(a) — Ceik’a + De—ik’a — Eeik:a +D6—ika
YPi(a) = Yi(a) = ik'(C’eik/“ — De_ik/a) = ik:(Ee“m — De_“m)

Useful formulae

Integral

/Oo dx e—aarz = 1 z
0 2 a



By differentiating both sides with respect to a, you can calculate integrals with additional
factors of 22, 24, etc.

Basic commutation rules

Tty — 2 = 0
pipj —pipi = O
Tip; — P& = ihog
Schrodinger equation
indl —h—2v2 + V|
o 2

h2
{ v%v]w = Ey
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Harmonic oscillator
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HO(f) = 1, Hl(g) = 257 H2(§) = 462 -2




